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The capillary-dominated regime of dynamics of electrified jets of a viscous leaky dielectric liquid is studied
numerically. In this regime the effective force in the direction of an applied field due to tangential electric
stresses is balanced by the gradient of liquid pressure governed by the surface-tension stresses. As is charac-
teristic of this regime, the electric current and the characteristic jet radius are dependent on the surface-tension
coefficient and not on viscosity. In the scope of this work, the conditions of the existence of this regime are
determined. A qualitative order-of-magnitude analysis gives the power-law dependences of the jet radius and
electric current on the parameters of the problem �conductivity, applied electric field, flow rate, and surface-
tension coefficient�. Numerical results are obtained for low conductive liquids for a large range of the dimen-
sionless flow rate �capillary number, Ca�. The order-of-magnitude estimations of electric current are in agree-
ment with the numerical results given a small Ca. The corresponding numerically obtained jet shapes are
discussed and explained.
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I. INTRODUCTION

The phenomenon of jetting can be observed in the elec-
trospinning method used for the fabrication of the polymer
nanofibers �1–7� or that of electrospraying used for the pro-
duction of fine sprays of charged drops with nanoscale diam-
eters �8–15�. In these processes, a conducting liquid �in the
case of electrospinning, a polymer solution� is supplied from
a capillary tube into a region where a capacitorlike electric
field exists. If the electric field is sufficiently strong, a sta-
tionary liquid jet is observed up to a large distance from the
capillary exit. Only small asymmetric distortions of the jet
radius exist initially; however these perturbations increase as
a result of convective instability �a varicose mode� or bend-
ing instability �1–3,6�. In the first case �electrospraying� the
liquid can disintegrate into small drops at the conical tip
�16,17� or from the ejected jet �15,18�. In the second case
�electrospinning� stretching of the bended sections of the jet
occurs, the solvent eventually evaporates and as-spun fibers
of submicron range diameters are deposited on a counterelec-
trode. In order to predict the size and charge of the drops
obtained by electrospraying or diameters of the fibers ob-
tained by electrospinning it is important to study the charac-
teristics of the stationary jet region, in particular—the elec-
tric current flow through the jet for a given applied electric
field. By adjusting the rheological and electrical parameters
of the liquid, the flow rate and the strength of the applied
electric field, it is possible to control the properties of the
obtained fibers or droplets. This problem represents a high
degree of complexity due to the number of parameters in-
volved, which can result in a wide variety of electrified jet
shapes.

Stationary jets of a liquid with large but finite conductiv-
ity emitted from an infinite Taylor’s cone �19� have been the
subject of a number of studies �20–22�. It was shown that
for sufficiently high flow rates, the electric current is

I���KQ�1/2 �Q is volumetric flow rate, � is surface-tension
coefficient, and K is liquid conductivity�. The observation
that the electric current depends on � is to be expected since
at a large distances r from the Taylor cone apex the electric
field, E� which determines the jet dynamics is on the order
of �� /r �19�. Higuera �23� considered the case of jet emis-
sion from a small meniscus where the applied electric field is
E���� /a0 �a0 is the meniscus radius, see Fig. 1�. In this
case the current or flow rate dependence differs from O�Q1/2�
due to the finite size of the meniscus. A general scaling
theory, limited for high conductive liquids, was suggested by
Ganan-Calvo �24� for electrospraying. In all the considered
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FIG. 1. Sketch of a stationary jet of a leaky dielectric issuing
from the orifice in a plane electrode and going toward a counter
electrode.
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cases the electrical current was not dependent on the applied
voltage between the electrodes.

Another situation is realized for jets of viscous low con-
ductivity liquids where a uniform electric field, E� is applied.
Numerical calculations and order of magnitude estimations
derived for this case show that the current is proportional to
�1/6K1/2E�

2/3Q2/3 �� is liquid viscosity� �25�. Thus, the current
is dependent on E� �or the applied voltage, V=E�d� and not
on �. This result is clearly only valid for sufficiently high
viscosities, high flow rates, and large electric fields when the
surface-tension stresses are small in comparison with the vis-
cous and the electric stresses. Electrified jets with these pa-
rameters were identified by Higuera �25� as viscosity-
dominated jets.

When considering typical parameters used in electrospin-
ning of jets �flow rate Q�5 ml /h, a0�1 mm, �
�10 �g / �cm s�� , ��50 g /s2� �4� the capillary number, Ca
which determines the relative importance of viscous and
surface-tension stresses is found to be Ca���Q� / �a0

2���3
�10−2, which is sufficiently small. Hence, surface-tension
effects play a significant role in shaping the surface of the jet
in the electrospinning process.

The aim of the present work is to study this unexplored
regime of jet dynamics, labeled as capillary-dominated and
determine its typical conditions. The problem is posed in
Sec. II. together with a description of the numerical method.
The results are presented and discussed in Sec. III, and the
conclusions are presented in Sec. IV.

II. PROBLEM FORMULATION

Consider a conductive incompressible viscous liquid with
density � and viscosity �, ejected at a constant �time invari-
ant� flow rate Q from an orifice with a radius a0 located in a
metal plate, toward another plate, located at a distance d�d
�a0� �see Fig. 1�. Suppose that a constant electric potential
V is applied between the plates. Then, far from the liquid
boundary, a constant uniform electric field E�=V /d, perpen-
dicular to the plates, is created in the space between the
plates. The liquid is supposed to be leaky dielectric �26,27�,
characterized by a finite �moderate� conductivity K and per-
meability 	l. The surrounding medium is supposed to be non-
conductive and have the permeability 	m.

Our aim is to determine the stationary axisymmetric jet
surface shape, the distribution of electric field along the jet
surface, and the electric current for sufficiently low flow
rates Q. In this case the fluid motion is inertialess because
the Reynolds number Re���Q� / ��a0�
1. Therefore, it is
governed by the Stokes equations. The selected length scale
in this problem is the radius of the capillary a0, the velocity
scale is the liquid velocity along the capillary V0=Q / ��a0

2�,
the stresses scale is �V0 /a0, the scale of the electric field and
charge density is E�, the scale of the electric potential is
E�a0, and the scale of the electric current is K�a0

2E�. Using
these scales, the problem is described by the following set of
dimensionless mechanical and electric equations and bound-
ary conditions.

The nondimensional Stokes equations for the liquid mo-
tion are

� · u = 0, � p = �u , �1�

where p is pressure and u is the velocity vector. The problem
is axisymmetric, such that u has only two components: the
radial v and the axial w. The electric fields in the liquid and
the surrounding media can be written as El=�l, Em=�m,
respectively, where l, m are the corresponding electric po-
tentials, which in the absence of the volume free charge den-
sity satisfy the Laplace equations

�m = 0, for r � a�z�, �l = 0, for r � a�z� , �2�

where r , z are the radial and axial coordinates respectively,
a�z� describes the jet surface, and Oz is located on the axis of
symmetry of the jet �see Fig. 1�. Because the jet is stationary,
the normal velocity at the free surface of the jet vanishes, and
the corresponding kinematic boundary condition is un=0 at
r=a�z�. At the capillary exit, the distribution w�r ,0� should
satisfy the condition of constant flow rate �0

1w�r ,0�dr=1.
The dimensionless dynamic boundary conditions at the jet
surface are given by

fn =
1

Ca
�� + BoE fn

E�, f� =
BoE

Ca
f�

E, r = a�z� . �3�

Here fn , f� denote the normal and tangential tractions per

unit area of the surface, fn
E= �	mEn

m2
−	lEn

l2 + �	l
−	m�E�

2� / �8��, f�
E=�E�, � is a free surface charge density,

E� is a tangential electric field, and En
l , En

m are the normal
components of electric field in the liquid and the medium,
respectively �note that Gaussian units are used�. The param-
eter BoE=a0E�

2 /� is the electric Bond number, and Ca
=�V0 /� is the capillary number.

The boundary conditions for the electric variables are

m = l = 0, at z = 0, m = l = − d at z = d, m →
− z, if r → � , �4�

m = l, 	mEn
m − 	En

l = 4��, at r = a�z� . �5�

The stationary dimensionless form of the charge conserva-
tion law is the following:

I = Ic�z� + Is�z�, Ic�z� = 2�
0

a�z�

Ez
l�r,z�rdr, Is�z�

= Pe a�z���z�ut�z� , �6�

where I is the time invariant overall electric current which
should be determined as part of the solution, Ic and Is are its
conductive and convective parts, and ut is the velocity com-
ponent tangential to the jet surface. The parameter Pe
=2V0 / �Ka0� is the Péclet number. Because ut=0 at the ori-
fice boundary �i.e., at z=0� the overall current I= Ic�0�.

If the jet slope da /dz is sufficiently small, then Eq. �1�
with the boundary conditions �3� can be effectively reduced
to a simpler one-dimensional �1D� model. If the expansion of
the vertical velocity component to r is
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w�r,z� = w0�z� +
1

2
w2�z�r2 + ¯ �7�

then for w0�z� and a�z� the following equations can be ob-
tained �28–33�:

BoE

Ca
	dfn

E

dz
+

2f�
E

a

 +

1

Ca a2

da

dz
+

3

a2

d

dz
	dw0

dz
a2
 = 0, �8�

w0a2 = 1, �9�

with the boundary condition at the capillary exit

a�0� = w0�0� = 1. �10�

Equation �8� expresses the axial balance of the forces in-
duced by electric stresses �first term�, surface tension �second
term�, and viscous stresses �third term�; Eq. �9� expresses the
mass conservation. The coefficient w2 in expansion �7� is
expressed as

w2 =
1

2
w0zz

+
3az

a
w0z

+
BoE

Ca

f�
E

a
. �11�

Expanding the solution of the Laplace Eq. �2� for l in the
series l=0�z�−r20zz

/4+¯ and using the geometric rela-
tion n= �1,−az� /�1+az

2, we get with the accuracy of a one-
dimensional approximation

E� � E0 = −
d0

dz
, Ic � E0a2, En

l � −
1

2a

dIc

dz
, �12�

where E0 is an axial field in the liquid. Then, using Eq. �12�,
the approximate relation ut�w0 and Eq. �9� the charge con-
servation law �6� becomes

E0a2 + Pe
�

a
= I . �13�

As was previously demonstrated �2,30,34,35� the follow-
ing approximate equation for E0 takes place:

E0�z� = 1 − ln����4�

	m

d��a�
dz

−
�

2

d2�E0a2�
dz2  , �14�

where ��d /a0�1 and �=	l /	m−1.
A reasonable boundary condition to Eqs. �13� and �14� at

the orifice is zero free charge density �3�. At a large z, where
the jet is thin, the electric field is equal to the applied one.
Then,

��0� = 0, E0 → 1, if z → � . �15�

The solution of Eqs. �13�–�15� gives a good qualitative de-
scription of real distribution of E0 that can be used for ex-
plaining the numerical results.

Far downstream from the capillary the jet thins and
reaches an asymptotic regime �25�. In this regime, I� Is, and
the effective force due to normal electric stresses can be
neglected in comparison with the force due to the tangential
ones f�

E��E0� Ia /Pe, thus the solution of Eq. �8� has the
following asymptotic forms:

w0 → �kz + c�2, a →
1

kz + c
, k =

1

12 Ca
��1 + 48B

− 1�, B =
BoE Ca I

Pe
if z → � , �16�

where c is constant. The asymptotic forms in Eq. �16� are to
be used as a boundary condition for Eq. �8� at z=d in the
numerical calculations.

The procedure for obtaining the numerical solution is as
follows. For a fixed initial guess of a�z� the electric stresses
fn

E and f�
E and the current I are found by solving the electrical

part of the problem. Then, the corrected shape a�z� can be
found by solving Eqs. �8� and �9� with boundary conditions
�10� and �16�, and so on. To find the electric field distribution
along the known jetlike surface shape a�z�, which is neces-
sary for the determination of the electric stresses, an iterative
method was used. Setting an initial surface distribution of
En

m�z�=�m /�n �r=a�z� the Laplace Eq. �2� with boundary con-
ditions �4� for m in the surrounding media was solved using
the boundary element method �BEM� �36–38�. Thus, the
conjugated variable distribution m �r=a�z� can be found. In the
one-dimensional approximation, from the first of the bound-
ary conditions �5� we have 0�z��m �r=a�z� and E0�z� and
En

l �z� are known from Eq. �12�. The distribution of � can be
found from Eq. �13�. Then, the new iteration for En

m�z� is
found from the second of the boundary condition �5�.

III. RESULTS AND DISCUSSION

Numerical results presenting the dependence of the di-
mensionless electric current, I on the nondimensional viscos-
ity �equivalent to the capillary number, Ca� for BoE=1, and
Pe=0.2, are shown in Fig. 2. The electric current increases
with Ca as I�Ca1/6 for high Ca, while it converges to a
constant for Ca→0. The case of high Ca obviously corre-
sponds to the viscosity-dominated regime as explored by
Higuera �25�, where the opposite case, with low Ca corre-
sponding to a capillary-dominated regime. In the case of
capillary-dominated regime, the electric stresses that are act-
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FIG. 2. The dependence of nondimensional electric current I on
the capillary number, Ca for the case of BoE=1, Pe=0.2, 	l=42.5,
and 	m=1 �1�, and a power-law dependence I�Ca1/6 �2�.
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ing effectively along the z axis, and stretching the jet, are
balanced by the induced surface-tension pressure gradient
�the balance of the first two terms in Eq. �8��. The contribu-
tion of the viscous stresses is not ignored, since the tangen-
tial electric stresses pulling the liquid along the z axis are
balanced by the corresponding tangential viscous stresses
which are acting on the jet surface �see Eq. �3��.

To identify an order of magnitude estimate of the electric
current for the capillary-dominated regime we consider the
transition region, where the conductive current Ic is trans-
ferred into convective current, Is. We label the following pa-
rameters in the transition region: the characteristic length of
the transition region as zT, the jet radius as aT, the axial
velocity as wT=1 /aT

2, and the free-surface charge density as
�T �see Eq. �9��. Numerical calculations show that the maxi-
mal axial electric field in this region is ET�1. Then, by
equating Is=Pe aT�TwT and Ic=ETaT

2 �aT
2 � I the following

estimates are obtained �25�:

aT � I1/2, �T �
IaT

Pe
=

I3/2

Pe
. �17�

An estimate of zT can be obtained from the axial force bal-
ance �Eq. �8��, where for the case under consideration the last
term can be ignored. Then, by equating the first two terms in
Eq. �8� we get 1 / �aTzT��BoEf�

E /aT, where f�
E=�TET

� IaT /Pe, and then,

zT �
Pe

BoEIaT
�

Pe

BoEI3/2 . �18�

The estimate of the current, I in terms of parameters of the
problem can be easily found for sufficiently stretched jets,
wherein aT and I are small. From Eq. �14� it follows that in
this case ��TaT� / �	mzT��1 �25�. Then, using estimations
�17� and �18� we obtain

I � 	m
2/7Pe4/7BoE

−2/7. �19�

Its dimensional counterpart is

Icap
d � 	m

2/7K3/7E�
3/7Q4/7�2/7. �20�

Numerical calculations also show that the current decreases
with 	l but this dependence is sufficiently slow. An analo-
gous result was obtained by Pfeifer and Hendrick �16� for
pulsating electrospray from capillary and the specific charge
of the droplets �charge per unit volume� was found to be

qs � 	l
−3/7�2/7	E�K

Q

3/7

. �21�

Then, the current is Icap
d =Qqs, which is similar to Eq. �20�.

Also in Pfeifer and Hendrick model �16� the viscosity, � is
irrelevant parameter. In their model, it is supposed that drop-
lets are formed by minimizing their total energy �surface and
electrostatic�. In this case, the droplet charge q is dependent
on the droplet radius, R proportionally to the Rayleigh’s
limit, i.e.,

q � ��R3�1/2 and qs �
�1/2

R3/2 . �22�

Comparing Eq. �21� with Eq. �21� and using relations �17�
and �19� we get R�aT

d, namely the drops in the case of
electrospraying, are emitted from the current transfer region
near the cone tip. In principle, for the existence of spray of
stable drops it is necessary only that q� ��R3�1/2 �39�, thus,
R�aT

d, meaning that the drops of radius smaller than aT
d can

also eject at a point z� along the jet, where a�z���aT �i.e., a
point located in the convective region far from the cone tip�.
The specific charge of the droplets, qs= Icap

d /Q does not de-
pend on z� and therefore Eq. �21� is correct also in the con-
sidered case of electrospinning.

In the opposite case which Higuera �25� considered, when
the capillary effects are negligible, equating the first and
third terms in Eq. �8� results in zT�Ca1/2Pe1/2BoE

−1/2I−1 and
the resulting current is

I � 	m
1/3Pe1/2Ca1/6BoE

−1/6. �23�

Its dimensional counterpart is Ivis
d �	m

1/3�1/6K1/2E�
2/3Q2/3 �25�.

Therefore, in the capillary-dominated regime, the electrical
current, Icap

d increases with the applied electrical field, as in
the case of the viscosity-dominated regime, but more slowly.
Contrary to the case of the viscosity-dominated regime, the
current is dependent on the surface-tension coefficient, � and
not on the liquid viscosity, �.

The applicability conditions of the above estimations
�Eqs. �19� and �23�� can be obtained from the axial force
balance �Eq. �8��. An estimate of Eq. �19� is correct if the last
term �viscous� in Eq. �8� is much smaller than the second
term �capillary�, namely, wT /zT

2 �1 /aT
2zT

2 
1 /CaaTzT, which
can be simplified into Ca
aTzT. Using estimations �17� and
�18� this condition can be written as B
1 which is deter-
mined in Eq. �16�. Analogously, the applicability condition
of Eq. �23� is Ca�aTzT and can be written as �B�1. Thus,
the parameter B can be used for determining the type of
regime of the jet dynamics.

From Eq. �16� we see that far from the orifice the jet
diameter is dependent on B. For B�0.01, k�2B /Ca, and
therefore a�Pe / �2BoEIz�. For B�1, k��B / �3Ca2� and
therefore a���3CaPe� / �BoEI� /z. In the first case, a is not
dependent on � �if I is not dependent on ��, where in the
second case a is not dependent on � �if I is not dependent on
��. Hence, it is reasonable to suppose that for B�0.01 the
capillary-dominated regime of jet dynamic governs and for
B�1 the viscosity-dominated regime prevails. An interme-
diate state takes place, when B lies in the interval 0.01�B
�1, where both surface tension and viscosity effects influ-
ence the jet shape. Thus, we can predict that Eq. �19� is valid
if B�0.01, and I
1, where Eq. �23� is valid if B�1, and
I
1.

Consider a situation where only the flow rate, Q is varied
while the rest of the parameters are fixed. Then, Pe=Ca /q
and B=qBoEI, where q= ��Ka0� / �2�� is the ratio of the char-
acteristic hydrodynamic time to the electric relaxation time.
Then, the capillary dominated regime is realized if
I�0.01 / �qBoE� �for B�0.01�. Since I�1 �25� this condi-
tion is fulfilled for an arbitrary Ca if q�0.01 /BoE. For typi-
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cal parameters of electrospun liquids BoE�1, �
�10 g / �cm s�, ��50 g /s2, and a0�0.1 cm �5�, we get
K�2 s−1. This signifies that the capillary-dominated regime
is realized, for a large range of flow rates, only for liquids
with very low conductivity. For higher conductivities, the
capillary-dominated regime exists only for sufficiently small
flow rates when I is small. From Eq. �19� it follows that the
electrical current I�O�Ca4/7� decreases if Ca decreases.
Then, we can expect that all the applicability conditions of
Eq. �19� are fulfilled if Ca→0.

Numerical results presenting the dependence of I�Ca� for
the case of q=0.1, BoE=1, 	l=42.5, and 	m=1 are shown in
Fig. 3. This dependence is close to O�Ca4/7� for Ca�0.007
which is in a good agreement with the applicability condition
B�0.01. At higher Ca the current increases more slowly
�I→1 for Ca→� �25��. The transition to a power-law de-
pendence O�Ca2/3� �see Eq. �23�� is not observed in this
graph since for the selected parameters B�0.1 and therefore
the viscosity-dominated regime is not realized.

Consider the distribution of the electric field along the jet
surface for the case corresponding to capillary-dominated re-
gime. The values of the tangential electric field E0, the outer
normal electric field En

m, and its components 4�� /	m and
	lEn

l /	m along the jet for the case of BoE=1, Ca=0.01, Pe
=0.1, 	l=2 and 42.5, and 	m=1 are shown in Fig. 4. In the
transition region �1�z�10� En

m exceeds E0. In the straight
jet section �z�10� the opposite relation is realized. We also
observe that En

m�4�� /	m along the entire jet surface when
	l=2 �see Fig. 4�a��. In the case of a polar liquid �	l=42.5�
this relation occurs near the orifice �z�3� and far from it
�z�16�. For 3�z�16 the contribution of En

l to the outer
normal field En

m is on the order of the contribution of the free
charge density � and can even exceed it �see Fig. 4�b��. This
phenomenon can be explained given that near the orifice Ic
=E0a2� I=const and En

l is small in accordance with relation
�12�. For z�1, E0�1, �� Ia /Pe�O�1 /z�, and En

l �−az
�O�1 /z2� and then 4���	lEn

l . In the transition region Ic
decreases and En

l increases �see Eq. �12�� and its contribution
to En

m can be significant for large 	l.

Consider the force balance corresponding to the capillary-
dominated regime. The distribution of the terms of Eq. �8�
along the z axis, without the viscous term, for polar and
nonpolar liquids are presented in Fig. 5. For a polar liquid
�	l=42.5�, we observe that the normal electric stress term,
BoE�dfn

E /dz�, is balanced by the capillary stress term,
�1 /a2� / �da /dz� up to z�3 �note that for this case dfn

E /dz

2f�

E /a�, see Fig. 5�b�. This behavior can be explained since
in this case I
1, hence the axial electric field near the orifice
E0� I /a2 is also small. Then from Eq. �14�, taking into ac-
count that ��0�=0 �see Eq. �15�� we can estimate the free
surface charge density as ���	mz� / �ln���a�. Near the ori-
fice, a�O�1�, hence, the electric stresses acting on the jet
surface in this region can be approximated as

fn
E � 2��2/	m � z2, f�

E � �E0 � zI , �24�

dfn
E /dz�2f�

E /a for this small I.
For nonpolar liquids �	l=2� the electric forces 2f�

E /a and
dfn

E /dz have the same order of magnitude up to z�3 �see
Fig. 5�a�� since in this case the current, I�0.25 �see Fig.
4�a�� is higher than in the previous case. Far from the orifice,
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FIG. 3. The dependence of nondimensional electric current I on
the nondimensional flow rate Ca for the case q= ��Ka0� / �2��=0.1,
BoE=1, 	l=42.5, 	m=1 �1�, and a power-law dependence I
�Ca4/7 �2�.
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FIG. 4. The distribution of the electric field along the jet surface
for the case of BoE=1, Ca=0.01, Pe=0.1, and 	m=1. �1� the tan-
gential field E0, �2� the outer normal field En

m, �3� the component of
the outer normal field 4�� /	m, �4� the component of the outer
normal field 	lEn

l /	m, and �5� the jet shape. �a� Nonpolar liquid with
	l=2 and �b� polar liquid with 	l=42.5.
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for z�8 �see Fig. 5�, dfn
E /dz
2f�

E /a, and hence the terms
BoE�2f�

E /a� and �1 /a2� / �da /dz� balance each other �the ex-
isting difference between them is due to the contribution of
the small viscous term�.

The characteristic shapes of the electrified jet in the
capillary-dominated regime with 0.0063�Ca�0.018 and
large 	l are shown in Fig. 6. The slope of the different
curves, a�z� is close to zero at z=0. The curves change their
curvature from negative near the orifice to positive in the
straight section of the jet. The jet shape in the region near the
orifice is elongated and slightly dependent on Ca, whereas in
the straight section of the jet its thickness increases with Ca
for a fixed z. The geometry of the jet near the orifice can be
explained as follows. In this region of the jet, the influence of
the tangential electric stresses can be neglected �see above�.
Then from Eq. �8� when also the viscous term is neglected
using the first boundary condition in Eq. �10�, we obtain

1

a
= BoE

2�	mz2

ln���2a2 + 1. �25�

From Eq. �23� it follows

da

dz
�0� = 0,

d2a

dz2 �0� = −
4�	m

ln���2BoE. �26�

Since � is sufficiently large �see Eq. �14��, the curvature near
the orifice is small for 	m�1 and BoE�1. This explains the
elongated shape of the jet shown in Fig. 6 and also verifies
the 1D approximation. The shape of the jet, far from the
orifice, in the capillary-dominated regime can be described
as a�1 / �kz��Pe / �BoEIz�. Using Eq. �19� we can derived
a�	m

−2/7Pe3/7BoE
−5/7 /z. Subsequently, the jet thickness at a

fixed z increases with the flow rate and decreases with con-
ductivity and electric field strength, which is analogous to
the case of the viscosity-dominated regime. However, the jet
thickness demonstrates a new element in that it increases as a
function of the surface-tension coefficient and is independent
of the viscosity.

It is interesting to note that although the shape of the
inertialess jets far from the orifice is hyperbolic for both the
capillary and the viscosity-dominated regimes, the respective
profiles of the axial velocity at the jet cross section differ
�concave vs convex�. From Eq. �11� we have

w2 = − 5k2 +
BoEI

CaPe
, �27�

namely, the cross-section profile of the axial velocity is ap-
proximately parabolic. From Eqs. �16� and �25� we derive
w2��BoEI� / �CaPe��0 for the capillary-dominated regime
�B�0.01� and w2��−2BoEI� / �3CaPe��0 for the viscosity-
dominated one �B�1�. It can be explained as follows. For
the capillary-dominated regime from the normal stress bal-
ance �Eq. �3�� it follows that at large z the pressure p�
−� /Ca�kz /Ca increases linearly with z. Then, the axial ve-
locity profile has a positive curvature for this regime.

IV. CONCLUSIONS

In this paper, the regime of electrospinning of viscous
leaky dielectric liquids, wherein jet dynamics is heavily in-
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FIG. 5. The dependence of the effective axial forces for the case
of BoE=1, Ca=0.01, Pe=0.1, and 	m=1. �1� BoE�2f�

E /a�, �2� the
term BoE�dfn

E /dz�, and �3� the capillary term −�1 /a2� / �da /dz�. �a�
Nonpolar liquid with 	l=2 and �b� polar liquid with 	l=42.5. �Note
that for the convenience of presentation, the capillary term is pre-
sented with the opposite sign.�
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flow rate decreases from curve to curve with a factor of 1.1.

S. N. REZNIK AND E. ZUSSMAN PHYSICAL REVIEW E 81, 026313 �2010�

026313-6



fluenced by capillary effects, was explored numerically. Us-
ing a one-dimensional approximate model and qualitative
analysis, it was shown that this regime, labeled capillary-
dominated, is realized for small values of the dimensionless
parameter B=BoECaI /Pe. This is contrary to the previously
explored viscosity-dominated regime which is characterized
by moderate and high values of B. In the capillary-dominated
regime, the jet shape near the orifice is characterized at most
by one parameter—the electrical Bond number BoE, whereas
in the straight jet section the shape also depends on flow rate
and the conductivity of the liquid.

The qualitative order-of-magnitude estimations give the
power-law dependence of electric current on the parameters

of the problem �conductivity, applied electric field, flow rate,
and surface-tension coefficient� for the considered regime.
This dependence differs from the one obtained for jets issued
from Taylor’s cone and for the viscosity-dominated regime
of jet dynamics. The order-of-magnitude estimations were
found to be in good agreement with the numerical results for
small capillary numbers.
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